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Abstract 

Given a holomorphic regularisation procedure (e.g. Riesz or dimensional reg- 
ularisation) on classical symbols, we define renormalised multiple integrals of 
radial classical symbols with linear constraints. To do so, we first prove the 
existence of meromorphic extensions of multiple integrals of holomorphic per- 
turbations of radial symbols with linear constraints and then implement either 
generalised evaluators or a Birkhoff factorisation. Renormalised multiple inte- 
grals are covariant and factorise over independent sets of constraints. 
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Introduction 

Regularisation methods are sufficient to handle ordinary integrals arising from 
one loop Feynman diagrams whereas renormalisation methods are required to 
handle mutiple integrals arising from multiloop Feynman diagrams. Interesting 
algebraic constructions have been developpcd to disentangle the procedure used 
by physicists when computing such integrals |CK| , [Kr | . Although they clarify 
the algebraic structure underlying the forest formula, these algebraic approaches 
based on the Hopf algebra structures on Feynman diagrams do not make ex- 
plicit the corresponding manipulations on the multiple integrals. This paper 
aims at presenting analytic mechanisms underlying renormalisation procedures 
in physics on firm mathematical ground using the language pseudodifferential 
symbols in which locality in physics translates into a factorization property of 
integrals. 

We consider integrals of symbols with linear constraintt0 that reflect the con- 
servation of momenta; properties of symbols clearly play a crucial role in the 
renormalisation procedure. When they converge we can write such integrals as 
follows: 



with (7 ;= (Ti (g) • • • (g) (T/ where the (Ji are classical symbols on H" and B an I x L 
matrix of rank L. In the language of perturbative quantum field theory, n stands 
for the dimension of space time so that n = 4, L stands for the number of loops, 
{rji, ■ ■ ■ ,rii) := _B (a, ■ ■ ■ , ^l) for the internal vertices and the matrix B encodes 
the linear constraints they are submitted to as a result of the conservation of 
momenta. To illustrate this by an example take / = 3, L = 2, the symbols 
(T,;,i = 1,2,3 equal to cr(^) = -, — ^ ^, .^.^ for some m G IR* (which introduces a 



We wish to renormalise multiple integrals with linear constraints of this type 
when the integrand does not anymore lie in in such a way that 

1. the renormalised integrals coincide with the usual integrals whenever the 
integrand lies in L^, 

2. they satisfy a Fubini type property, i.e. are invariant under permutations 
of the variables, 

3. they factorise on disjoint sets of constraints, i.e. on products [a o B) • 
(cr' o B') := (cr ® a') o [B ® B') where ® stands for the Whitney sum. 

^In the language of Feynman diagrams, we only deal with internal momenta namely we 
integrate on all the variables. 




mass term) and the matrix B 




The corresponding integral for n 



4 reads 
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This last requirement, which would correspond in quantum field theory to the 
concatenation of Feynman diagrams, follows from the fundamental locality prin- 
ciple in physics. 

Inspired by physicist's computations of Feynman integrals, we present two renor- 
malisation procedures, a first one which uses generalised evaluators and an al- 
ternative method using a Birkhoff factorisation procedure, both of which heavily 
rely on meromorphicity results and both of which lead to covariant expressions. 

Let us briefly describe the structure of the paper. 

Regularisation procedures for simple integrals of symbols are by now well known 
and provide a precise mathematical description for what physicists refer to as 
dimensional regularisation for one loop diagrams (see e.g. [C] from a physicist's 
point of view and [Plj from a mathematician's point of view for a review of 
some regularisation methods used in physics). 

Regularisation techniques for simple integrals are reviewed in the first part of 
the paper. We describe in dimensional regularisation as an instance of more 
general holomorphic regularisations and compare it with cut-off regularisation 
in Theorem[TJ Covariance, integration by parts and translation invariance prop- 
erties arc discussed in detail in section 3. In section 4, inspired by work by Lesch 
and Pflaum [LP| on strongly parametric symbols H, we investigate parameter 
dependent integrals of symbols of the type that typically arises in the presence 
of external momenta in quantum field theory. The parameter dependence in 
the external parameters being affine in the context of Feynman diagrams, we 
study regularised integrals (ci (8) • • • (8) CTfe) -I- f?i, • • • ,£,+ilk)d^ which we 
actually define "modulo polynomials in the components of the external param- 
eters" 771 , • • • , ?7fe . Since cut-off regularised integrals vanish on polynomials (see 
Proposition [1]), the ambiguity arising from defining the integrals "up to polyno- 
mials" is not seen after implementing cut-off (or dimensional) regularisation in 
the remaining parameters (sec Theorem [5] and Corollary U . 

The second part of the paper (sections 5-8) is dedicated to renormalisation 
techniques for multiple integrals with constraints. In section 5 we first renor- 
malise multiple integrals without constraints (see Theorem in the spirit of 
previous work with D. Manchon [MP] . The corner stone of renormalisation in 
our context is a meromorphicity result, which if fairly straightforward in the 
absence of constraints, becomes non trivial in the presence of linear constraints 
H. We show (see Theorem |4|) that the map: 

izu---,zi)^ I (f^(^)oB)(a,--- ,a)rf6---rfa, 

with d{z) := CTi(zi) ® ■ ■ ■ ® ai{zj) obtained from a holormorphic perturbation 
TZ : ai t—f ai{z) of radial symbols ui (which can e.g. arise from dimensional 
regularisation), has a meromorphic extension 

z^f- (a(z)oi3)(a,-- - ,eL)dei---rfa, 

^ Although our setup is different from that of strongly parametric symbols, it turns out 
that the approach of |LPj can be partially adapted to our context. 

■^This issue is of course strongly related to the meromorphicity of Feynman integrals us- 
ing dimensional regularisation previously investigated by various authors from different view 
points see e.g. [55], [ClMl .lE]. [CM] , [BWi1 . [BW2] . 
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and we describe its pole structure. These meromorphicity results which are 
coherent with known results in the case of Feynman diagrams |Sp| , are to our 
knowledge new in such generality since they hold for any radial classical symbols 
and any holomorphic regularisation. 

Since these meromorphic extensions coincide with ordinary multiple integrals 
on the domain of holomorphicity, by analytic continuation they factorise over 
disjoint sets of constraints i.e: 



ct(z) o B 



a'(z') o B' 



whre we have set z := (zi, • • • , zj) and z' := {z'l, • • • , z'j,), a :~ ai ® ■ ■ ■ ® cr/, 
a' := a'l®- ■ -^a'j, , B and B' being matrices of size / x L and /' x L' respectively. 
We then describe two ways of extracting renormalised finite parts J^'„™" o- o B 
as 2. — !■ while preserving this factorisation property: 



1. Using generalised evaluators (see Theorem [5]), 

2. Using Birkhoff factorisation (sec TheoremlH]) after having identified Zi 
and set the cr^'s to be a fixed radial symbol cr. 
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Just as in Connes and Kreimer's pioneering work [CKj . in this second approach 
the factorisation requirement translates to a character property on a certain 
Hopf algebra, the coproduct of which reflects the fact that one should in principle 
be able to perform iterated integrations "packetwise" , first integrating on any 
subset of variables and then on the remaining ones (see |BM| for comments on 
this point). 

As well as being multiplicative (see (PT|) ): 



■R.rcn 



{a®a')o{B®B 



/ /'7^,rcn \ / p7Z,ren \ 



renormalised multiple integrals with constraints turn out to be covariant (see 
Theorem [7]): 



7^,rcn 



{aoB)oC 



IdetCr^ / 
J 1 



aoB VCeGXL(IR") 



IR"^ J IR" 

and therefore obey a Fubini property (see 

7^,rcn 



7Z,rcn 
IR" 



The above factorisation property (which reflects a locality principle in physics) 
does not fix the renormalised integrals uniquely; even when the holomorphic 
regularisation is fixed (e.g. dimensional regularisation), there still remains 
a freedom of choice left due the freedom of choice on the evaluator unless one 
imposes further constraints as one would do in quantum field theory. 
This paper emphasises the analytic mechanisms underlying the renormalisation 
of multiple integrals of symbols with linear constraints, thereby raising further 
analytic questions which remain to be solved, namely 



*Such an identification is natural in the context of dimensional regularisation by which the 
dimension n of the space is replaced by n — z. 
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1. Do these results which hold for radial symbols extend to all classical sym- 
bols? The meromorphicity established in Theorem U] easily extends to 
polynomial symbols when using Riesz or dimensional regularisation due 
to the fact that such symbols can be obtained from derivatives of radial 
symbols (^i = ^9^1$^) but it is not clear whether one can go beyond those 
classes of symbols. 

2. How do these renormalisation procedures generalise to integrals of tensor 
products of symbols with affine constraints so as to to allow for exter- 
nal momenta, one of the difficulties being how to control the symbolic 
behaviour of parameter dependent renormalised integrals in the external 
parameters? 

3. How do the various renormalisation approaches described here compare? 
It follows from the pole structure of the mcromorphic extensions described 
in the paper that the renormalised values obtained by different methods 
coincide for symbols ai whose orders have non integer partial sums since 
the renormalised values then correspond to ordinary evaluations of holo- 
morphic maps at 0, but it is not clear what happens beyond this case. 

4. It would be interesting to investigate all the coefficients of the Laurent 
expansion and to sec when they can be recognized as motives d. 

Answering these questions can also be relevant for multiple discrete sums of 
symbols with constraints (see |P4j ). multiple zeta functions being an important 
instance since they boil down to mutiplc discrete sums of symbols with conical 
constraints. 

Table of contents 

Part 1: Regularised integrals of symbols 

1. Cut-off" regularised integrals of log-polyhomogeneous symbols 

2. Regularised integrals of log-polyhomogeneous symbols 

3. Basic properties of integrals of holomorphic symbols 

4. Regularised integrals with affine parameters 

Part 2: Renormalised multiple integrals of symbols with 
linear constraints 

5. Integrals of tensor products of symbols revisited 

6. Linear constraints in terms of matrices 

7. Multiple integrals of holomorphic families v^rith constraints 

8. Renormalised integrals with constraints 



^see IBW2I and references therein for discussions along these lines 
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Part 1: Regularised integrals of symbols 



In this first part we review and partially extend results of [MMP| and [MP| . 
Regularised integrals arc defined using cut-off and holomorphic regularisations: 
dimensional rcgularisation is presented as an instance of holomorphic regulari- 
sations and then compared with cut-off regularisation. 

1 Cut-ofF regularised integrals of log-polyhomogeneous 
symbols 

We recall regularisation techniques for integrals of log-polyhomogeneous sym- 
bols which deal with ultraviolet divergences. Starting from cut-off regularisation 
we then turn to dimensional regularisation which we describe as an instance 
of more general holomorphic regularisation procedures. We discuss in how far 
such regularisation procedures also take care of infrared divergences. Such issues 
were previously discussed by many authors in the context of Feynman diagrams, 
starting with pioneering work of t'Hooft and Veltman [HV] on dimensional reg- 
ularisation and later works of Smirnov [Sml], [Sm2] . [Sm3] and Speer [Sp] just 
to name a few later developments. 

Since integrating classical symbols naturally leads to log-polyhomogeneous sym- 
bols, we describe regularisation procedures on the class of log-poly homogneous 
symbols. 

1.1 From log-polyhomogeneous functions to symbols 

We call a function f G (C°°(IR" — {0}) positively log-homogeneous of order a 
and log-degree k ifl 

k 

fio = Y.f--^^o log' 1^1 ^-■'(^^) = ^"/-■'(^) e > 0- 

(=0 

Following [L], given a positively log- homogeneous function of order a and log 
degree fc, let us set for any / e {1, • • • ,k}: 

reSiif) ■= Sa+n / f-n,liO<^S^ 

where ds^ is the volume form with respect to the standard metric on S"~^. Let 
us denote by 7'^''^(]R") the set of positively log-homogeneous functions on H" 
of order a and log degree k. 

Example 1. ^ i~> f{£_) = J2'i=o ^il^l"' log' ICI ^'^^^ G IR, ^ = 0, • • • , belongs 

to v+^im,"). 

We call a function a G C°°(]R"') a log-polyhomogeneous symbol of order a 
and log-type k with constant coefficients if 

®We use a terminology which is sUghtly different from that of [L] 
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where % is a smooth cut-off function which vanishes at and equals to one 

\n) 



outside the unit baU, where (Ja-j G ^•''(IR") and where af^. £ C°°(]R") 



satisfies the following requirement: 

3C e R, \axiN)m < CiO'"'^-^-'' Ve e ]R" 

with (^) := (1 + ICP)^- Changing the cut-off function x amounts to modihying 
the remainder term cr'^jyy 

If the log-type k vanishes then the symbol is called polyhomogeneous or classical. 
We call a symbol a radial if cr(^) = ,f{\^\) only depends on the radius. 

Remark 1. For short one writes a ^ Tl^=oX^a-j , the symbol ^ controling 
the asymptotics as \^\ — > cx) i.e. the ultraviolet behaviour. 

Example 2. (t(^) = j^^^ is a classical radial symbol of order —2 and 

oo 

Remark 2. To deal with infrared divergences it can he useful to observe that a 
radial function 

k 

/(e) = E^' 1^1" 1^1 

1=0 

in IR,^) can be seen as a limit as e of radial symbols 

k 

1=0 

When e 7^ these are smooth functions on Wy^ which lie in C S""^{^'^) and 

k 



+ ll f-alog|e| + ilog( J 



3=0 

with cTa-j ~ '^a-j- -^^ bcforc, X 'i'S a smooth cut-off function which vanishes 
in a small neighborhood of and is one outside the unit ball. 

Example 3. Take /(C) = \^\~^ which we write /(C) linie^odeP + e^)"^- 
Then 

oo 
fc=0 

Let CS'°^'^(]R") denote the set of log-polyhomogeneous symbols with con- 
stant coefRcients of order a and log-type k 0. It is convenient to introduce the 
following notation CS'*''^(IR") = UaecCS"'''=( H"). The algebra 

ra(IR") (U,ecC5'"'"(Il")) 



'^Thc following semi-norms labelled by multiindices 7, /3 and integers m > 0,p £ {1, ■ ■ ■ , k}, 
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generated by all log-polyhomogeneous symbols of log-type is called the algebra 
of classical or polyhomogeneous symbols on M" with constant coefficients. 
It contains the algebra CS'"°°(IR") := flae m, H") of smoothing symbols. 
The algebra 

C5^'*(IR"):= y y CS^'-'^iTR") 

a<3L ke IN 

of integer order log-polyhomogencous symbols H is strictly contained in the al- 
gebra generated by log-polyhomogeneous symbols of any order 

CS'*^*(IR") := (y [j CS'^'^iM")). 

a6(C fee IN 



1.2 Cut-off regularised integrals 

We recall the construction of cut-off regularised integrals of log-polyhomogeneous 
symbols [E] which generalises results previously established by Guillemin [H] and 
Wodzicki [W] in the case of classical symbols. 

For any non negative integer k and any log-polyhomogencous symbol a G 
CS'*''''( IR"), the expression /b(q has an asymptotic expansion as R 

tends to oo of the form^: 

oo k 

/ <j{Od^ ^n^o. C{a)+ 



j=0,a-j+n^O 1=0 

k 



(2) 



where 



resi(cr) = / a^nj{^)ds^ 



is the higher l-th noncommutativc residue, Pi{aa~j,i)iX) is a polynomial of 
degree I with coefficients depending on la-j,! and C{a) is the constant term 
corresponding to the finite part called the cut-off regularised integral of a: 



Tn 



give rise to a Frechet topology on (75"'* (IR"): 

supjgn,,.(l + |C|)-+l'31|9fa(0|; 

(JV~1 
^ - E xCO'^a-™) (Oh 
»n=0 

SUP|j|^l|9^(Ta-m,p(0|- 



^CS^'* (IR") is equipped with an inductive limit topology of Frechet spaces 

dii, 
2ir 



^We have set de, := (27r)-" and d^i := 
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with the notations of ([T]). 

It is independent of the choice ofiV > a + n—1, as weh as of the cut-off function 
X- It is furthermore independent of the parametrisation R provided the higher 
noncommutative residue res;(a) vanish for aU integer < Z < fc for we have: 



JB{0,tiR) Jb{0,R) ' + J- 



for any fixed ^ > 0. 

If (T is a classical operator, setting k = in the above formula yields 

J IR" J ]R" . n JBiO.l) 



J=0 

N-1 



V — / (Ja-j{uj)dsUJ. 



Remark 3. With the notations of Remark\^we have the following Taylor ex- 
pansion at e — 0: 

N — l 



j=OM-j+nytO 1=0 
N-1 



Jb{o,i) 



N-l k 

ia~j + n) 

)~rii^-/-yi t — yi 



j=Q,a-j+n^O 1=0 



since c^^^ = 0{e^) as a result of the fact that a'^ ^ Sj^o '^a-j- therefore 
turns out that the regularised cut-off integral which is built to deal with ultraviolet 
divergences also naturally takes care of infrared divergences in as far as it yields a 

Taylor expansion as e ^ Q of the map e ^ X]f=o (1^1^ + ^ ^"^s' ((I^P + 

An important property of cut-off regularised integrals already observed in 
[MMP| is that they vanish on polynomials. 

Proposition 1. Let P{£,i,- ■ ■ ,£,k) = J2a^a£,i^ ■ ■ ■ polynomial expres- 

sion in the ^i, • • • with complex coefficients Ca, then 
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Proof: It suffices to prove that for any non negative integer a, 

J m," 

Since for any R > 

Jb{o,r) \Jo J Js'^'^ 



we liave 



□ 



/ 



a + n J gn-i 



na+n n 

a + n ./on-i 



2 Regularised integrals of log-polyhomogenous 
symbols 

2.1 Cut-off regularised integrals of holomorphic families 

Following |KV| (see [L] for the extension to log-poly homgoeneous symbols), 
we call a family z i-^ cr(z) G CS*''^{WC^) of logpolyhomogeneous symbols 
parametrised by z G C (C holomorphic if the following assumptions hold: 

1. the order a{z) of cr(z) is holomorphic in z, 

2. for any < / < fc, for any non negative integer j, the homogeneous 
components (Ta{z)-j li^) of the symbol cr(z) yield holomorphic maps into 
C°°(]R"), 



3. for any sufficiently large integer N, the map 

N 



yields a holomorphic map z ^ K^^^ into some C^'-^^(IR" x IR") where 
liniTv^oo K{N) = +00. 

We quote from [PSj the following theorem which extends results of [Lj relating 
the noncommutative residue of holomorphic families of log-polyhomogeneous 
symbols with higher noncommutative residues. For simplicity, we restrict our- 
selves to holomorphic families with order a{z) given by an affine function of z, 
a case which covers natural applications. 

Proposition 2. Let k be a non negative integer. For any holomorphic family 
z I—!- (t{z) <E CS'"^^''*''( M") of symbols parametrised by a domain W G ^ such 
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that z ^—^ a{z) = a'(0)z + a{0) is a non constant affine function, there is a 
Laurent expansion in a neighborhood of any zq G (C 



fe+i 



K 



where for 1 < J < fc + 1, rj{a)(zQ)(x) is explicitly determined by a local expres- 
sion (see m for the case a'(0) ~ 1) 

^.(-)(^o)(x) E (^^',l]L^iJ_,y, HM'^'-'') (^o). (3) 
/ — j 1 

Here res(T) = Jg„_i t_„^o(C) '^S^; '''(o('^) ?oca/ symbol given by the co- 

efficient o/ log' 1^1 of a i.e. (j{z) = '^'i^q o'{i){z) log'' On the other hand, 
the finite part iPz=zo fm^ ^{z)iO^C consists of a global piece given by the cut- 
off regularised integral cr(zo)(^)(J^ and a local piece expressed in terms of 
residues: 



J m." Jt^*u 



1=0 



As a consequence, the finite part fPz=zo /ir" ^i^)iOd^ entirely deter- 
mined by the derivative a'(zo) of the order and by the derivatives of the symbol 
(t(')(zo), I < k + 1 via the cut-off integral and the noncommutative residue. 

2.2 Regularised integrals 

Let us briefly recall the notion of holomorphic regularisation taken from |KV| 
(see also (PS]) and adapted to physics applications in [PI] , It includes di- 
mensional regularisation used in pcrturbative quantum field theories to cure 
singularities arising in loop diagrams see e.g. |HV| . |Smlj . [Sm2j . [Sm3j . 

Definition 1. A holomorphic regularisation procedure on a subsets C CS*'*{ IR") 
is a map a i-^ {z i-^ o'(^)) which sends a G CS'*''^'( M") to a holomorphic family 
a e CS*'''{TR:") such that 

1. cr(0) = a, 

2. (t(z) has holomorphic order a{z) (in particular, a(0) is equal to the order 
of a) such that a'(0) ^ 0. 

We call a regularisation procedure TZ continuous whenever the map a t-^ {z t-^ '^i^)) 
is continuous for the Frechet topology on CS°''^{ H") (see previous footnote). 
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One often comes across holomorphic regularisations of the type: 

7^(c^)(z) = a ■ t{z) 
where t(z) is a holomorphic family of symbols in CS'(IR") such that 

1. t(0) = 1, 

2. t(z) has holomorphic order ~qz with q> 0. 

Note that this implies that a{z) has order a{z) = a(0) — qz with q 0. 

This class of holomorphic regularisations contains known regularisation such as 

• Riesz regularisation for which t(z)(^) := x(C)ICI^^i where x is some 
smooth cut-off function around which is equal to 1 outside the unit 
ball. 

• This is a particular instance of regularisations for which t{z){^) = H{z) ■ 
xiO where _ff is a holomorphic function such that i/(0) = 1. 

• In even dimensions, dimensional regularisation corresponds to the choice 
(see |Plj ) H{z) := ,.^1^ which is a holomorphic function at z = such 
that H{Q) = l. 

The function H stands for the relative volume of the unit cotangent sphere in 
dimension n w.r.to its "volume" in dimension n{z) = n ^ z. 

Example 4. To illustrate this, let us consider integrals of a radial symbol 
(t(^) := /(Id) following the physicists' prescription for dimensional regulari- 
sation. Assuming that the symbol has order with real part < — ??, then 

a(e)d"e = Vol(5"-i) / f(r)r"-'dr^^ [ f{r)r^'~Hr 

since the volume of the unit sphere S"~^ in even dimensions n = 2p is given by 
Vol(S'"~"'^) = (^^liy = Rsplo,cing n by n — z in the above expression yields 

a holomorphic map on the half plane Re(z) < Re(a) + n: 



2'kP 



f{r)r^-^-'dr= / a{zmd^ 



where we have set a(z){C) iJ(z) cr(0 ICI"^ andH{z) := ^f^^^^j^''^ = Y{^^- 

By the above constructions, we know that this extends to a meromorphic map 
z >— (j{z)(£^)dx on the whole complex plane. Thus, dimensional regularisa- 
tion on radial symbols boils down to holomorphic regularisation on the integrand. 

These regularisation procedures are clearly continuous. They have in com- 
mon that the order a{z) of (j{z) is affinc in z: 

a{z)=a{0)-qz, q^O, (5) 

which is why we restrict to this situation. 
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As a consequence of the results of the previous paragraph, given a holomor- 
phic rcgularisation procedure TZ : a ^ a{z) on CS*'^{K^) and a symbol 
(T e CS*'^{WC')^ the map z j-jj^n is meromorphic with poles of 

order at most fc + 1 at points in a~^([— n, +oo[nS) where a{z) is the order of 
(t(z) so that we can define the finite part when z — > as follows. 

Definition 2. Given a holomorphic regularisation procedure TZ : a ^ '^{z) on 
CS'*''^'( M") and a symbol a G CS'*''^( H"), we define the regularised integral 

J m.'^ J iR" 

:= hm I / -J^^Rcsi^o/ a{zmd^ 

\J ]R" f^i^ J m," 

In particular, in even dimensions we define the dimensional regularised integral 
of a by 



/.dim.rog ft \ f 

a fp,=o H{z) I xiO HO d^ + (1 - xiOMO (6) 
m," \ J m," J J ]R" 

which is independent of the choice of cut-off function x- 

Example 5. Simple computations show that Riesz and cut-off regularised inte- 
grals of symbols coincide. 

Theorem 1. Dimensional regularised integrals of symbols in CS*'^{]K") with 
n = 2p even differ from cut-off regularised integrals by a linear combination 

of the first fc + 1 derivatives of the function H{z) :— (^^^^\ with coefficients 

involving the residues of derivatives of the symbol: 

/•dim.rcg p k ol / , - i\ \ 

J m," J TR" U )■ 

(7) 

When k — Q, a is classical and: 

(.dim.rcg /■ \ I I £^ 1 \ \ 

"^^^"^^ =/]R„ '"^^^'^^ + 2 I I E - + 7 I - I • ^■°«(^)- 

Proof: The fact that dimensional regularisation is obtained from Riesz reg- 
ularisation a I— !■ cr(z) by multiplying a{z) by a function H{z) introduces extra 
terms involving complex residues: 

iv^=jH{z)-l a{zmddi=l a{i)d^ + Y^Ro^'+\<j{z))H^'+'\Q) 

\ J ]R." / J ]R," 

which, when combined with ^ yields: 
iv,=^{H{z)-j-^^a{zmddj = f^^^i^dC 

;=o j=i 



13 



since a{z) ~ a(0) — z. In particular, when a is classical (i.e. when fc = 0) we 
have: 

fp.^o [Hiz) .^^^ aizmd^^ =j-^^ aiOd^ + res(a) • iJ'(O). 

Since derivatives at p £ IN — {1} of the Gamma function read: F' (p) = 
r(fc) (Ei=! 7-7) it follows that 

The result then follows. □ 

Remark 4. Since we saw in Remark\3l that cut-off regularisation takes care of 
infrared divergences as well as ultraviolet ones, it follows that so does dimen- 
sional regularisation take care of infrared divergences. The additional residue 
terms only contribute by additional terms in the Taylor expansion at e — 0. 

To close this paragraph, we observe that just as the cut-off regularised inte- 
gral was, the map a >— '■/^r" ^(0 d^ is continuous for any continuous holomorphic 
regularisation procedure TZ : a ^ a{z) on CS** ■ ( IR"), fc € IN. 

3 Basic properties of integrals of holomorphic 
symbols 

Cut-off regularisation turns out to have nice properties for non integer order 
symbols, such as a Stokes' property, translation invariance and covariance. Con- 
sequently, computations involving dimensional regularisation can be carried out 
following the usual integration rules such as integration by parts, change of 
variables as long as this is done before taking finite parts. This in fact holds 
for any holomorphic regularisation procedure as is shown below, so in particular 
for dimensional regularisation, and provides a mathematical justification for the 
computations carried out by physicists when performing changes of variable and 
integrations by parts. 

3.1 Integration by parts 

An important property of cut-off regularised integrals is integration by parts, 
which is an instance of a more general Stokes' property for symbol valued forms 
investigated in [MMPj . 

Proposition 3. Let a € CS'*'*( H") with order a ^"Zn [-n, oo[. Then for any 
multiindex a, 

f d^aiOd^^O. 

J H" 

Remark 5. This Stokes' property actually characterises the cut-off regularised 
integral in as far as it is the only linear extension of the ordinary integral 
to non integer order symbols which vanishes on derivatives \P2^ . 
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Proof: We recall the general lines of the proof and refer to [MMPj for 
further details. We only prove the result for classical symbols since the proof 
easily extends to log-polyhomogeous symbols. It is clearly sufficient to prove 
the result for a multiindex a = i oi length one. 

• If (7 has order < — n then we write: 

= hm / d^d^MO 

= (- 1) lim / d (f6 A • • • dC, A • • • A d^n) 



(-ly-Mim / aiOds^ 

^~'°JS(O.R) 



^~*°Js{0,R} 

where we have set ds£_ := (f^i A • • • A d^; A • • • A d^n- 

This limit vanishes. Indeed, a being a symbol of order a, there is a positive 
constant C such that 



I / amds^ < f HOldsC 

JS{0,R) JS{0.R) 

< c [ 

JS{0,R) 

< Ci?" (l + i?2)f Vol (S'"-i) . 

Here 5(0, i?) C B{0,R) is the sphere of radius R centered at in IR". 



If a > — n, we write a ~ X^jLo ^('') '^a-j{0~^'^{N){0 where x is a smooth 
cut-off function, aa-j{^) is positively homogeneous of degree a — j and N 
is chosen large enough for (T(7v) to be of order < —n. We have: 



It follows from the above computation that d^i<^{N)iO d^ = 0. On 
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the other hand, we have for large enough R and any positive integer i: 

f % (x(c)aa-,(e)) 

J ]R" 



-8(0, -R) J 



\JS{0.R) J 

since X|s(o,r) =1 foi' large R 



fp 



R — 'OO 



which vanishes ii a + n ^ IN U {0}. 

□ 

Let as before TZ : a ^ (j{z) be a holomorphic regularisation on CS{WC). The 
foUowing result is a direct consequence of the above proposition. 

Corollary 1. \MMF^ The following equality of meromorphic functions holds: 



/ 



for any multiindex a and any a e CS*'*{ M"). 

Proof: The maps z i-^/jjn (?"(t(z)(^) are meromorphic as cut-off regu- 
larised integrals of a holomorphic family of symbols with poles in (IL H \—n^ -f oo[ 
By Proposition[3]the expression Jjpj„ 9"(cr(z))(^) d^ vanishes outside these poles 
so that the identity announced in the corollary holds as an equality of mero- 
morphic maps. □ 

Remark 6. This does not imply that the same properties hold for f^. Unless 
the total order of the symbols is non integer, one is in general to expect that 

J IR" 

3.2 Translation invar iance 

We let R" act on CS*'* {JR") by translations as follow© 

(7?, a) ^ t;<j{0:=a{^ + r^). 



^"77 can be seen as external momentum (usually denoted by p) whereas g plays the role of 
internal momentum (usually denoted by k) in physics 
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The map rj t-^ t*a a{- + rj) has the foUowing Taylor expansion at 77 = 0: 

|/3|<7V ^' \I3\=N+1 ' ° 

(8) 

Let us recall the following translation property for non integer order symbols. 

Proposition 4. JMB For any a e CS'*'*(IR") and any rj e WC\ the cut-off 
integral 

J IR" Jb{0,B.) 

is well defined. If a has order a ^TLC\ [— ti, +00 [ then: 

J IR" J M" 

Remark 7. Translation invariance actually characterises the cut-off regularised 
integral j^,^ in as far as it is the only translation invariant linear extension of 
the ordinary integral to non integer order symbols JP^, \P3f . 

Proof: Let a G CS""-* (IR"). 

• If a < — ?i then 

/ t,>(0^?= lim / CT{^ + v)dC= f ^(O^C 

J ]R" H^oo JB{a,R} J IR" 

is well defined. The second part of the statement then follows from trans- 
lation invariance of the ordinary Lebesgue integral. 

• Let us assume Re(a) > —n. The derivatives d^a arising in the Taylor 
expansion ([S]) lie in CS{ IR") so that their integrals over the ball B{0, R) 
have asymptotic expansions when i? — *■ 00 in decreasing powers of R with 
a finite number of powers of logi?. For \f3\ = N 1 with N chosen large 
enough, the asymptotic expansion converges as R tends to infinity and 
has no logarithmic term. The integral /g^Q cF{^-\-r]) therefore has the 
same type of asymptotic expansion when i? — > 00 as /g^Q o'(C) '^^ ^'^.d. 
the finite part : 



J IR" JB(a.R) 



IR" JS(0,H) 

d^a{- + tr]) dt 



\f3\<rr \P\=N+i 
is well defined. 

Mimicking the proof of Proposition [Sj for > we write — d^- o 9^ 
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for some index i and some multiindex 7: 

TR" J IR" 



= lim / d^Ad''<j{^ + Ov)) 



R- 



(-ly-i lim / d^a{C + e7j)ds^ 



S{0,R.) 



where as before we have set ds^ (-1)*"^ d^i A ■ ■ ■ A d^, A ■ ■ ■ A d^^- 
Since a and hence its derivatives are symbols, there is a positive constant 
C such that for \(3\ = N + 1 chosen large enough we have 

S(0,R) JS{0,R) 

Js{0,R) 

< CVol(S'"-i)i?"(l + |i?- |6'77||)^'=(")-(^+i) 



which tends to as i? ^ 00. Hence the cut-off regularised integral of the 
remainder term vanishes. 

If moreover a^TL then by Proposition [3l we havejjp„ d^^a{^ = for any 
non vanishing multiindex /3. Hence, only the /3 term remains in the 
Taylor expansion and the result follows. 



Let as before TZ : <t 1-^ a{z) be a holomorphic regularisation on C5(IR"). The 
following result is a direct consequence of the above proposition. 

Corollary 2. fMMPf For any a e C5*^*(IR") and any e H" the following 
equality of meromorphic functions holds: 

IR" J IR" 

Proof: The Taylor expansion 
/ aiz){^ + 7j)dC 

J IR " 

E/ E ^ /V-^r / d^aiz)i-+tr^)dt 



\I3\<IT ' |;3|=Ar+l 

provides meromorphicity of the map z /j^n (t(z)(^ + tfjdS, since we know 
that the maps z > 9^(7(2) (^) are meromorphic as cut-off regularised in- 
tegrals of holomorphic families of ordinary symbols and since the map given 
by the remainder term z 1— *■ X]|/3|=w+i /ir" ^^^(-^)(? + is holomorphic 

for large enough N. Outside the set of poles we have by Proposition [J] that 
/jj^„ cr(z)(^ + v)d^ —Jtr" so that the equality holds as an equahty of 

meromorphic functions. □ 
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Remark 8. This does not imply that translation invariance holds for J- . Unless 
the order of the symbol is non integer, one is in general to expect that 

J m," J TR" 

3.3 Covariance 

GL„(]R") acts on CS'*'*(]R") as follows 



GL„(IR") X CS'*'*(]R") CS*'*{m") 

iCa) ^ {(^a{CO)- 

We quote from [L] the following extension to log-polyhomogeneous symbols 
of a result proved in [KVj for classical symbols. 



Proposition 5. Let a € CS"''*( H") with order a ^TLC\ [-n, oo[. Then for any 
C e GL„(IR") 

IdetGI / a(Ci)di = l G{i)di. 

J IR" J R" 

Let as before Tl, : a ^ a(z) be a holomorphic rcgularisation on CS'(]R"'). 
The following result is a direct consequence of the above proposition. 

Corollary 3. For any a € CS'*'*( M") and for any C € GL„{ IR") the following 
equality of meromorphic functions holds: 

\detC\l a{z){Ci)di^l a{zmdi. 

J IR" J IR" 

Remark 9. This does not imply the covariance of the regularised integral . 
Unless the order of the symbols is non integer, one is in general to expect that 



detCI / a{Ci)di^l aiOd^. 

J IR " J IR" 



4 Regularised integrals with affine parameters 

The aim of this section is to regularise and then investigate the dependence in 
the external parameters pi of a priori divergent integrals of the type 



IR" 



(^{Li{k,pi, ■ ■ ■ ,pj)f + • • • {{Li{k,pi, ■ ■ ■ ,pj)f + 



where P{k,pi, - ■ ■ ,pj) is a polynomial expression and L,;(fc,pi,-- - ,pj),i = 
1, • • • , / are linear combinations of k and the Pj's. 

The definitions we adopt here are inspired by work of Lesch and Pflaum [LP] 
on traces of parametric pseudodifferential operators. Even though our symbols 
with affine parameters are not strongly parametric symbols as are the ones used 
in their work, their general approach can be adapted to our context, thereby 
offering an interpretation in terms of iterated integrals of symbols with linear 
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constraints of computations carried out by physicists to evaluate Feynman dia- 
grams. 

The affine parameters here play the role of external momenta in physics and we 
describe two ways of regularising integrals of the type (O- We discuss the Tay- 
lor truncation method implemented by physicists which gives rise to regularised 
integrals defined modulo polynomials. 

Following conventions used in the pseudodiffercntial littcraturc, we choose to 
denote by rji the external parameters. 

Lemma 1. For any ai € CS"'"*(i?") such that XiiLi R.e(aO < —n where ai is 
the order of Ui, then the integral with affine parameters rji S M", i = 1, • • • , /c 




is well defined 

Proof: Since the cr,;'s are symbols we have \a-i{^ + Vi)\ ^ Cj + Vi)"'' for 
some Ci £ IR+ and where we have set (C) := + |Cp- But the integral 
/iR" ni=i(C d£, + rji)"-' is convergent whenever X^i'^i ^6(0^) < — n hence the re- 
sult. □ 



Remark 10. A typical example of such an integral is: 

j ]Rr. [k'^ + m'^Y^{{k~pY + wfiY^ 

where P is a polynomial expression and the Si are complex numbers with real 
part chosen large enough for the integral to converge. Here, we have adopted the 
physicists notation k^ for \k\'^ . Writing the polynomial P{k,p) as a polynomial 
^^aQ,(p)A:" in k with coefficients depending polynomially on p, we can rewrite 
the integrand as a finite linear combination (with p-dependent coefficients) of 
k {k+m^yi{{T-py+m^y2 eac/i of which reads k ^ {tc, ® (Ji ® a2){k, k,k-p) 
where we have set Ta{k) := k" , ai{k) = ^^.-i^^^-iy- . 

Let us now describe a procedure to regularise integrals with afhne parameters 
used by physicists to compute Feynman integrals. The idea is to truncate the 
Taylor series in the rji (which correspond to external momenta in physics) about 
the origin at a high enough order. With the notations of |Sp| , we denote by A4 
this truncation and define an alternative cut-off regularised integral ()10p 

J IR" J K" 

In physics the order of truncation (given here by N) is chosen according to the 
superficial degree of divergence of the diagram. In contrast, here we do not fix 
the order of truncation as it will soon appear that it can be chosen arbitrarily 
large. 

It turns out that this regularised integral is defined "up to polynomials" in the 
components of the external parameters and that it coincides with the previ- 
ously defined cut-off regularised integral "up to polynomials" in these external 
parameters. 
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Proposition 6. For any any cji E CS'"*'*(i?"), modulo polynomials in the 
components of the parameters rji e H", • • • , 77^ G H" the expression: 



i 



IR" 

[(cri(8)---(g)crfc)(C + 77l,--- ,C + '7fc) 
IR" 

l/3|=0 



(10) 



is well defined and coincides modulo polynomials in the components of the 
parameters ryi, • • • ,77^ with the ordinary integral whenever R-e(ai) < —77. 

Here /3i, • • • ,(3k are multiindices in IN" and we have set |/?| := X]i=i 

Proof: A Taylor expansion of {(Ji ■ ■ ■ <Tk) {£, + rji, ■ ■ ■ ,^ + 77^) in 77 = 
(7/1, • • • ,7;/,) at 77 = yields 

(o-i «)•••«) cTfe) (^ + ?7i, •• • ,£,+r]k) 



Since the real part of the total order J2i=i '^i ~ l/^l oi d^{<7i^ ■ ■ ■(>^ak) decreases 
as I/? I increases, the remainder term i?Ar(^, 771,- • • ,rik) hes in L^(IR") provided 
A'' is chosen large enough. The integral 

(cri«)---«)crfe)(C + 7n,-- - + 

IR" 



|/3|=0 



therefore makes sense for large enough N. A modification of N only modifies the 
expression by a polynomial in 771 , • • • , 77^ so that the expression is well-defined 
modulo polynomials. 

When X^iLi R-c(ai) < -77, the integral (ai ® • • • ® Cfc) + • ■ • ,^ + Vk) 
converges by the above lemma and hence so does ^ 1-^ ^7v(^, ?7i, ■ • • , ?/fc) he in 
L^(IR"). The Taylor expansion then yields pl?|) with the cut-off regularised 
integral on the l.h.s. replaced by an ordinary integral. It follows that the cut-off 
regularised integral =f= coincides (modulo polynomials in the components of 7;.^) 
with the usual integral whenever the integrand converges. □ 

The following result shows that derivations w.r. to the parameters commute 
with the regularised integral ^. 

Theorem 2. Modulo polynomials in the components of the parameters rji, - ■ ■ ^rjk 
we have 



9,] 4 (fTi<»---®CTfe)(e + 77i,-- - ,^ + Vk)d^ 

J IR," 

=f a,](fTi® •••®fTfc)(^ + 77i,--- ,C + 7;fc)de, V7eIN^ 

J IR " 
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where for the multiindex 7 = (71, • • • , 7fe) we have set := d^^ ■ ■ ■ d^^ . Pro- 
vided I7I = 7i+- • •+7fe is chosen large enough so that the integrand d^^ ■ ■ ■ d^^ (cri 
Vir ' ' I C + Vk) lies in H") we have: 



d^=f {cT,®---®ak)i^ + mr-- ,i + Vk)d^ (11) 
= / <9,] (fTi (g) • • • (g) CTfc) + 7?!, • • • , ^ + i-jk) mod polynomials. 

Proof: We prove the result for 7 = (0, • • • , 0, 7^, 0, • • • 0) from which the 
general statement then easily follows. Whenever X^iLi Rc(ai) < ~n we have 



Q'1^ 



((Ti ® • • • ® cTfc) (C+?7i, • • • , ^+Vk) = / a,]; (cTi ® 



Hence by ([T0| . modulo polynomials in the ?7i we have 



57. 



|/3|=0 



CTfe) (C+'7i, • • • ,^+Vk)d^. 



TR" 



N 



1/31=0 



TR" 



[9^; (cTi ® • • • (g afc) + r?i, • • • , ? + ?7fe) 



- E d?'---dt (^1 

|/3|=0 



9^; (cti (g ••• (g) CTfc) + 771, ••• ,^ + ?/fc) mod polynomials. 



This proves the first part of the statement. 

Since differentiation w.r. to the rji decreases the total order of the symbol, for 



large enough I7I, the integrand d^^ ■ ■ ■ d^^ (cri 
in L^{TR^) and we can write: 



■«'crfc)(C + ??i,--- + lies 



=f i^i®---®'^k){^ + m,--- ,^ + Vk)d^ 

J TR" 



TR" 



.. . Qlk f 



' Cfe) (? + ?7i, • • ■ , C + Vk) d^ mod polynomials 



which ends the proof of the proposition. □ 
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In certain situations the maps: 



Vi '-^4 (f^i ® ■ ■ • ® o-fc) + '71, ■ ■ ■ 7? + Vk)dS, 

to define symbols (modulo polynomials in rji), in which case one cannot expect 
the latter to be classical but rather log-poly homogeneous. In that case, one can 
further integrate in the parameter r]i using cut-off integration. 
The ambiguity that arises from having expressions defined "modulo polyno- 
mials" in the external parameters disapears after cut-off integration in these 
parameters as a result of the fact that the cut-off regularised integral van- 
ishes on polynomials. 

Consequently, the order of truncation at which the Taylor expansion was orig- 
inally taken in the external parameters does not matter as long as it is chosen 
large enough: extra terms in the Taylor expansion are polynomials in the exter- 
nal parameters and hence vanish after cut-off integration in these parameters. 

Corollary 4. Whenever rji ^j=^r^ (^i <X) • • • <8i cr/c) (C + ' ' ' T^ + Vk)d^ lies in 
CiS'*'*(IR") (modulo polynomials in rji), the double cut- ojf regularised integral: 



/ (/ ' 

J ]R" \J IR" 



(Ti ® • • • (g) CTfc) (^ + 771 , • • • ,£,+Vk)d(j drji 

is well defined modulo polynomials in the remaining r]j,j ^ i. 

If Vi '""^'if IR" i'^i <8) ■ • • <8) (Tfe) + ^71: ■ ■ ■ , ^ + Vk) d^ moreover has non integer 

order, then for large enough \^i\ we have 

j- (J {cri<»---<E)ak){^ + Vi,--- ,£.+Vk)d^^ dT]^ 

= (/^„^?:(^l®---®^fe)(e + '?l'--- '? + '?fc)^^) dv^ 

where the cut-off integral has now been replaced by an ordinary integral. 

Proof: The first part of the statement follows from the fact that the cut- 
off regularised integral vanishes on polynomials (see Proposition [T|) . The 
second part of the statement follows from integration by parts property (see 
Proposition [3]) for the cut-off integral on non integer order symbols combined 
with ((n]). Indeed, we have: 



(_l)l7d^^ 97. fj^ (<7i(E)---(E)ak){^ + Vi,--- ,^ + Vk)dC^ df], (by Proposition ^ 
^-'^^^'"^ f^^{J^JvH''^®---^'''')(^ + 'l^'--- '^ + '1'^)^^^ dr^, (by HID). 



□ 
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Part 2: Renormalised multiple integrals of sym- 
bols with linear constraints 



The aim of this second part of the paper is to define renormaUsed multiple in- 
tegrals with linear constraints. Instead of iterating regularised integrals as one 
might do for convergent integrals, we renormalise multiple integrals as a whole 
in the spirit of Conncs and Kreimer's approach to rcnormalisation of Feynman 
diagrams, keeping in mind that to such a diagram corresponds a multiple inte- 
gral with affinc constraints. 

It is useful to first recall how multiple integrals of symbols without constraints 
can be renormalised using a Birkhoff factorisation. 



5 Integrals of tensor products of symbols revis- 



We report on and extend results of |MPj concerning integrals of tensor products 
of symbols, i.e. multiple integrals without constraints. 

Following |MP| , let us consider the tensor algebra of log-polyhomogcncous sym- 
bols: 



built on the algebra CS{M."') of log-polyhomogcncous symbols on K". Here' 
denotes the Grothendieck completion. 

The cut-off regularised integral being continuous on the subspace CS'"( IR") of 
classical symbols on H" with constant order a for any fixed a £ C, it can be 
extended by continuity and (multi-) linearity to the tensor algebra T {CS{ K")). 

Definition 3. \MPf The cut-off regularised integral ^-j^.^ defined on CiS'(IR") 
extends to a character: 



As an immediate consequence of these definitions and the previous results 
on ordinary cut-off regularised integrals we have the following meromorphicity 
result (This is a slight generalisation of results in [MPj ). 

Lemma 2. Given a continuous holomorphic regular is ation procedure TZ on 



CSiWT), for any cfi G CS'( IR"),i = I,-- - ,fc the map z ^ j^„, 7^(o•l)(zl) ® 



■ ■ ■ ® TZ{ak){zk) is meromorphic with simple poles and we have the following 
factorisation property as an equality of meromorphic functions: 



ited 



r {CSi M")) := (E)''CS{ R") 



(C 




k 
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Definition 4. Given a continuous holomorphic regularisation TZ : a i—t cr{z) the 
tegralf^ defined on C. 

T{CSiM")) ^ (C 



regularised integral defined on CS{ H") extends to a character. 



CTi • • • fe? (Tfc i-^ f- cTi ® ■ ■ ■ (g) ak :^Y\.r ^» 



It coincides with the ordinary integral when the integrands a-i all lie in M"); 



CTl IK) • • • (X) CTfc = / CTl (XI • • • (X) CTfc. 



Remark 11. Unless the partial sums of the orders of the symbols ai are non 
integer valued or the integral converges, one is to expect that 

f CTi® •••®(Tfe T^fp^^o/ 7^(CTl)(z)® •••®7^(c^fc)(^) 



since the finite part of a product of meromorphic functions, namely of the maps 
z I— *■ Jjj^,, 7?. ((Ti) (z) with i e {1, • ■ ■ 7-^}; c^oes not generally coincide with the 
product of the finite parts of these functions. 



However, if one insists on setting Zi — z for i S {!,■ • ■ , /} then one can 
implement a rcnormalisation procedure using Birkhoff factorisation to take care 
of the problem mentioned in the above remarll^. 

For this purpose we equip the tensor algebra T (C5'( M")) := 0;^^ T'' {CS{ R")) 

where we have set T'^ (CS'( M")) := ® CS'c.c.(IR") with the ordinary tensor 
product (g) and the deconcatanation coproduct: 

A:r(C5(IR")) (rf (C5(IR"))(g)r9(C5(]R")) 



p+q=L 



ai® ■ ■ ■ ® Gk 



{iu--- ,Ji/}C{l,--- M 



where {ik'+i, ■ ■ ■ , ik} is the complement in {1, • • • , fc} of the set {ii, • • • ,ik'}- 
Let us recall the following well-known results (see e.g. [M]!: 

Lemma 3. (T (CS'*'*( K")) , ®, A) is a graded (by the natural grading 

on tensor products ) cocommutative connected Hopf algebra. 

Remark 12. JW^ This corresponds to the natural structure of cocommutative 
Hopf algebra on the tensor algebra of any vector space V with the coproduct A 
given by the unique algebra morphism from TiV) — > T{V) ® T{y) such that 
A(l) = 1 ® 1 and /\{x) ^x®\ + l®x. 

Proof: We use Sweedler's notations and write in a compact form 

Act = ^(7(1) «'Cr(2)- 



^^Such a situation arises in physics when using dimensional regularisation for the parameter 
2 used to complexify the dimension thereby modifies the integrands via a common complex 
parameter z. 
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• The coproduct A is clearly compatible with the filtration. 

• The coproduct A is cocommutative for we have T12 o A = A where Tij is 
the flip on the i-th and j-th entries: 



T12 o A(a-) = T12 ^ (J(i) ® (7(2) 

= Z!'^(2)®^(1) 

= A(a). 

• The coproduct A is coassociative since 

(A(g)l)oA(cr) = ^ (ct(1:1) «'Cr(l:2)) «'Cr(2) 
('^) 

= X! ^(1) ® ('^(2:1) ® '^(2:2)) 
= (1 «) A) o A(cr). 

• The co-unit s defined by e(l) = 1 is an algebra morphism. 

• The coproduct A is compatible with the product (E). 

= (m(^m)0T23 (o-(l) «)Cr(2))(^(CT(i) (8)Cr(2)) 
= (m m) o r23 o (A (g) A) (cr (g) ct') . 



□ 

We derive the following mcromorphicity result as an easy consequence of Lemma 

m 

Proposition 7. Given a continuous holomorphic regularisation procedure TZ on 
TiP , the map 

CTi (g) • • • (g) CTfc ^ j- 7^(^7l)g) •••(g7^(crfc), 

where A^(CI) denotes the algebra of meromorphic functions is well defined and 
induces an algebra morphism on (7i^,(g). 

A Birkhoff factorisation procedure then yields a complex valued character. 
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Theorem 3. A continuous holomorphic regularisation procedure TZ on CS{ M") 
gives rise to a character on the Hopf algebra (Ti.^,®^ : 



4.n . T-/0 



IZ.TGU 



ai (X) • ■ • Qs" CTfe 1-^ /- CTi (K" ■ • • Qs) CTfc 



which therefore coincides with the extended regularised integralf^ onT{CS{ M")). 
In particular we have the following multiplicative property: 




Proof: Birkhoff factorisation combined with a minimal substraction scheme 
yields the existence of a character on the connected filtered commutative Hopf 
algebra H° [M] (Theorem 11.5.1) 

$J : {H",®) — >Hol((D) 

corresponding to the holomorphic part in the unique Birkhoff decomposition 
$^ = * of * being the convolution product on the Hopf algebra. 

Here Hol((C) is the algebra of holomorphic functions. Its value := <I>^(0) at 
z = yields in turn a character 0^ : (7i°, C3i) ^ (D 



(cri(g)---(g)crfc) = /- 

J IR" 



7^,ren 

CTl (g) • • • (8) (Tfc 



which extends the map given by the ordinary iterated integral. The multiplica- 
tivity of these renormalised integrals J^^™ w.r. to tensor products follows from 
the character property of 0^. Since extends in a unique way to a character 
on T(CS'(IR")), the character J^'™'^ coincides with the afore defined extension 

6 Linear constraints in terms of matrices 

Adding in linear constraints is carried out introducing matrices. To a matrix B 
with real coefficients 



B = 



bn bi2 ■ ■ ■ biL 
6/1 6/2 • • • biL 
and symbols cr^ S CS{ M"), i — 1, - ■ ■ , / we associate the map 

(Si,-- - ,a) ^ ((^i«)---0CT/)oB(^i,... (^IZ^i'S'^ ■■■'^i (^^"^' 
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and we want to investigate the corresponding multiple integral with linear con- 
straints: 

/ (cri ® • • • ® aj) o • • • , a) d^i ■ ■ ■ d^L- 

Remark 13. 1. A permutation r G S/ on the lines of B amounts to rela- 
belling the symbols cr,; in the tensor product. 

2. A permutation t G on the columns of B amounts to relabelling the 
variables . 

Example 6. Take I ^ 3, L ^ 2 and cr^{^) = Vi = 1, 2, 3. Then 

2 \c 12 2 I If I C 12 2 l\C 12 = ( (^^1 ® ^2 «) ^3 ) O (6 , 6 , 6) 

where B - 




Feynman diagrams give rise to integrals with integrands of this type up to 
the fact that here we omit external momenta; allowing for external momenta 
would lead to afhne constraints, a case which lies out of the scope of this arti- 
cle but which we hope to investigate in forthcoming work. Constraints on the 
momenta follow from the conservation of momentum as it flows through the 
diagram and L corresponds to the number of loops in the diagram. 

Given a holomorphic rcgularisation TZ : a t-^ '^(z), we extend it to ct o _B with 
e r {CS{ H")) and B a matrix by: 

■R{a){z} o B := (7^(al)(zl) ® • • • ® TZ{<Jk){zk)) oB Vz = (zi, • • • , z^) e €'= 
which we also write (7(2) o B for short. 

Proposition 8. Let Ui € CS{W(I^) of order a^. Let TZ be a continuous holo- 
morphic rcgularisation and let for i ~ 1, • ' ' t I : ctii^) denote the order of ai{z) 
which we assume is affine ai(z) — a^{0)z -f a; with real coefficients and such 
that a'^{0) < 0. 

// a matrix B = (ba) of size I x L and rank L, the map 



n (cr) o B{z) 



is holomorphic on the domain D — {z Cz , Rc(zi) > — "/^J) ' ^ {li ' ' ' 7 -^}} 

Proof: The symbol property of each ct^ yields the existence of a constant C 
such that 



^^^Ro(q,(z,)) 



1=1 1=1 



1=1 1=1 
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where we have set (77) := ^/T+\r]\^. 
We infer that for Re{z,) > > 

I L 

i=l 1=1 

We claim that the map (^i,-- - ^ (Ef=i ^ii^i)"'^"'''*^"" lies in (i?"^) 
if Pi > — °/^q" ■ Indeed, the matrix B being of rank L by assumption, we can 
extract an invcrtiblc Lx L matrix D. Assuming for simphcity (and without loss 
of generality, since this assumption holds up to permutation of the lines and 
columns) that it corresponds to the L first lines of B we write: 

i=l 1=1 i=l 

L 



where we have set := (77)"i(°)''»+°' and used the fact that pi{r]) > 1 and 

a-(0)/3j + Oi < —n. 

But ^ 

/ ®tlP^ ° D = |dcti?| TT / 

converges as a product of integrals of symbols of order < —n so that by domi- 
nated convergence, Ti{a){z)o B lies in L^(]R"^) for any complex number z € D. 
On the other hand, the derivative in z of holomorphic symbols have same order 
as the original symbols (see e.g. |PS| ). the differentiation possibly introducing 
logarithmic terms. Replacing ai{zi), • • • , ai{zi) by d]^ai{zi), • • • , d]'j(jj{zj) in 
the above inequalities, we can infer by a similar procedure that for Re(zi) > 
Pi > — the map z 1-^ TZ{a){z) o B is uniformly bounded by an function. 

The holomorphicity of z 1-^ Itr^i- T^{S'){z) o B then follows. □ 

As a straightforward consequence, we infer the existence of a meromorphic ex- 
tension of the map z 1-^ Jtjx^l 7?-(i5')(z) o i? to the whole plane when L = I. 

Corollary 5. Let ai G CS'(IR") be of order Ui. Let TZ be a continuous holo- 
morphic regularisation which sends Ui to ai{z) of order ai{z) — a^(0)z + ai with 
real coefficients and such that a^(0) < 0. 
Given an invertible matrix B with L columns, the map 

z^f n{a){z)o B ■.= \ActB-^\ I n{^){z) 

yields a meromorphic extension to the whole complex plane of the holomorphic 
map z 1-^ /jp,,!, TZ{a){z) o B defined on the domain D = {z e (C^,Re(zi) > 



We{l,...,L}}. 



Proof: Let us set d-{z) TZ{a{z)) as before. We know from the previous 
proposition that z i— > /j^nL <^{z) o B defines a holomorphic map on Z? = {z S 
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(D, Re(zi) > — fV^, Vi G {1, • • • , /}}. By a change of variable it follows that 
in that region of the plane 

/ a{z) o B -.^ \dctB-^\ I a{z). 

J M"^ J IR"^ 

But by the results of the previous sections we know that z i— > jpj,,^/ o'(z) 
extends to a meromorphic map on the whole complex plane given by a cut-off 
regularised integral of a tensor product of symbols z ^-^j^^L cr(z). Hence 



ZK^/- ct(z) o B := |detB-i| / a{z) 
provides a meromorphic extension of the l.h.s. □ 



7 Multiple integrals of holomorphic families with 
linear constraints 

Let us now show the existence of meromorphic extensions for integrals z i— > 
/jpni, 'Ti'{^){z) o B built from more general matrices -B, where as before 7?, is a 
continuous holomorphic regularisation and a \= ai® ■ ■ ■ ® ai ^ T{CS{ M")). 

The aim of this section is to prove the following result. 

Theorem 4. Let TZ : a i-^ ^{z) o, holomorphic regularisation procedure 
on CS{Wi+) and let ^ ^ cr,(0 := t,;(|^|) G CS'(]R"),i = I,-- - ,1 he radial 
polyhomogeneous symbols of order ai which are sent via TZ to ^ t-^ ai{z)(^) := 
TZ{t){z)(\^\) of non constant affine order ai{z) = —qzi + ai, for some positive 
real number q. For any matrix B of size I x L and rank L, the map 

n{a){z)oB 

IR"^ 

which is well defined and holomorphic on the domain D = {z_(£ (D^, Re(zi) > 
— °'/^q" , Vi G {1, • • • ,/}} extends to a meromorphic map on the whole complex 
plane with poles located on a countable set of affine hyperplanes 

Zr(l) + ---+Zr(,) G — ,2G {I,-- - ,/}, TG E/, 

and where Ar,i G [— ni,0[rK depends on the matrix B. 

Remark 14. An immediate hut important consequence of this theorem is the 
fact that if none of the partial sums of the orders at are integers then the hyer- 
planes of poles of the map z i— > /jj^nt 7?.((t)(z) o B do not contain so that the 
map is holomorphic in a neighborhood ofO. 

Before going to the proof, let us illustrate this result by an example. 

Example 7. If we choose I ^3,L = 2, cr^,i = 1,2,3 , 7^(c^)(z)(^) ct(^) (^)-^ 
(here q ^ 1) with (0 := \/l + |CP and B as in Example\^ this yields hack the 
known fact that the map (zi, 23,23) ^ /^„2 |2+l)ai-.i (|^^+g^|4i)°2-^2 (ig^P+V^-^a 
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has a meromorphic extension to the plane with poles on hyperplanes defined by 
equations involving partial sums of the Zi 's. Whenever ai, a2, 03, ai + 02, a2 + 
03, 01+03, 01+02+03 are not integers, the map is holomorphic in a neighborhood 
ofO. 

Setting = z in the above theorem leads to the following result. 

Corollary 6. Let TZ : a t-^ '^i^) ^6 ^ holomorphic regular is ation procedure 
on C5'(IR+) and let ^ ^-^ ai{^) := Ti{\^\) € CS{WC'),i = ,1 be radial 

polyhomogeneous symbols of order at which are sent via 7?. to ^ 1— > ai{z)(^) := 
TZ{t){z){\S,\) of non constant affine order ai{z) = —qzi + Oi, for some positive 
real number q. For any matrix B of siwe I x L and rank L, the map 



(7^(c^l)(z)(g)•••®7^(c^/)(z))oB 



which is well defined and holomorphic on the domain D = {2 € (D, Re(z) > 
— °'/|q" , Vi G {1, • ■ • ,/}} extends to a meromorphic map on the whole complex 
plane with a countable set of poles with finite multiplicity 

-a,T-(l) - • • • - aril) + K.i + INo . ri 7-1 

z€ — — G {1, • • • ,/}, reS/, 

qi 

where as before Xr^i € [— ni,0[ is an integer depending on the matrix B. 

In order to prove Theorem HI we proceed in several steps, first reducing the 
problem to step matrices B, then to symbols of the type cr^ : ^ (^^ + 1)°* and 
finally proving the meromorphicity for such symbols and matrices. 



Step 1: Reduction to step matrices 

We call an / X J matrix B with real coefficients a step matrix if it fulfills the 
following condition 

3ii<---<iL in {1, •••,/} s.t bu ^ if i > ii and 6;,,; 7^ 0. (12) 

Remark 15. This condition actually says that the matrix has rank > L. It 
J = L then it has rank L. 

Proposition 9. // Theorem ^ holds for step matrices then it holds for any 
matrix B . 

Proof: 

• Let us first observe that if the result holds for a matrix B then it holds 
for any matrix PBQ where P and Q are permutation matrices i.e. up 
to a relabelling of the symbols and the variables. Indeed, a permutation 
r G E/ on the lines induced by the matrix P amounts to a relabelling of 
the symbols; since the statement should hold for all radial symbols, if it 
holds for i7 = CTi (X) • • • (81 0"/ then it also holds for <Tr{i) (X) • • • (81 Ctj/j . Hence, 
if the statement of the theorem holds for a matrix B it also holds for the 
matrix P B. 

Assuming the statement of the theorem holds for a matrix B, then it also 
holds for the matrix B Q. Indeed, a permutation t G on the columns 
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induced by the matrix Q amounts to a relabelling of the variables 
By Proposition [5] we know that if B has rank L then both the maps 
z I-+ 'R{d)[z) o B and z ^ /ip.nL 7?.(ct)(z) o BQ are well defined 

and holomorphic on the domain D = {z£ C^, Re(zi) > — ^f^, Vi e 
{1, • • • , /}}. By the Fubini property we further have that 

/ iiiajiz) o B ^ \dctQ\ 1 n{a){z)oBQ \fzeD. 

If by assumption, the r.h.s has a meromorphic extension z ^j-^nL 7?.(o')(2.)o 
B Q then so does the l.h.s. have a meromorphic extension 

/ 'JZ{a){z) o B :^ \dctQ\ f jz{a){z)oBQ 

which moreover has the same pole structure. 

Let i? be a non zero matrix. Then there is an invertible matrix P and 
step matrix T such that P B* = T where B* stands for the transpose of 
B. Hence the existence of an invertible matrix Q = (P*) ^ such that 
B = Q. li B has rank L then so does the matrix T*; along the same 
lines as above, one shows that if the statement of the theorem holds for T* 
then it holds for B. On the other hand, there arc permutation matrices P 
and Q such that S :— P T* Q is a step matrix for the transpose of a step 
matrix can be turned into a step matrix by iterated permutations on its 
lines and columns. If the theorem holds for step matrices then by the first 
part of the proof, it also holds for T* and hence for B. 



□ 



Step 2: Reduction to symbols (jj : { i-^ {^'^ + l)'^^ 

Let us first describe the asymptotic behaviour of classical radial symbols. 

Lemma 4. Given a radial polyhomogeneous symbol a : ^ t—f t(|^|) on M", 
r e CS{ of order a there are real numbers Cj,j S INq such that 

oo 

where stands for the equivalence of symbols modulo smoothing symbols. Here, 
as before we have set {^) = ^\ + 

Proof: A radial polyhomogeneous symbol a on K" of order a can be written 

i=o 

where is a positive integer, r^^^ is a polyhomogeneous symbol the order of 
which has real part no larger than Re(a) — N and where Ta-j are positively 
homogeneous functions of degree a — j. x is a smooth cut-off function on ]Rq 
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which vanishes in a smaU neighborhood of 1 and is identicaUy 1 outside the unit 
interval. Setting ^a-j 'Ta-j(X) we write 



= 7a-,((e>'-l)^X(l^l) 

= 7a-,(erMi-(o-')^x(ici) 

oo 

OC 

where we have set c^^. la-j bkj for some sequence bj^ , k e INq of real numbers 
depending on a and j and used the fact that x ~ 1- Applying this to each Ta-j 
yields for any positive integer N, the existence of a symbol the order 

of which has real part no larger than Re (a) — N and constants Cj such that 

JV-l 

which ends the proof of the lemma. □ 

Let ^ •= '''idCI))' • • ■= '''/(l^l) be radial polyhomogeneous 

symbol on IR" of order ai, • • • , a/ respectively which we write 

Ni-l 
Ni-l 

= E (13) 

where Ni,i = 1, ■ • ■ , / are positive integers, Ti^ai-ji , * = 1, ■ ■ ■ il arc homoge- 
neous functions of degree — ji, T^^'\Tj^^'\i — I,-- - , / polyhomogeneous 
symbols of order with real part no larger than — Ni and where we have set 

It follows that 

/ N-l N~l 

n -^(^^) = J™ E • • • E 4 • • • 4. (a)""^'^ • • • i^ir-" (14) 

z— 1 ii— ji—o 

in the Frechet topology on symbols of constant order 0. 

Proposition 10. // Theorem^ holds for symbols <Ji : £^ ^ (^)°' then it holds 
for all classical radial symbols. 

^^This Frechet topology was described in a footnote in Section 1. 
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Proof: Let B be an L x I matrix of rank L and let cti , • • • , ct/ be radial 
polyhomogeneous symbols in CS'(]R") with orders ai, • • • , a/ respectively. For 
each ji S IN,i e {!,••• we set pl'{£,) '■= and for all multiindices 

(ji, ■ ■ ■ wc set p)^---^' := ^f^ipf . 

Let us first observe that since Rc(ai) — ji < Rc(ai), the maps 



are all well defined and holomorphic on the domain D = {z lE (C^, Rc(zi) > 
Vz€{l,...,/}. 

Let us assume that the theorem holds for this specific class of symbols. Then 
using again the fact that p^' has order — ji which differs from Ui by a non 
negative integer, and replacing Ui by ai{zi), it follows that these maps extend 
to meromorphic maps 

z^l n{p^^-^')[z)o B 

J M"^ 

on the whole complex plane with poles z = (zi, • • • , z/) such that 

ar(i)(2T(i)) H \- ar{i)izr{i)) ^ K,i + INo , T e S/, 

or equivalently with poles located on a countable set of affine hyperplanes 

-«t(1) - • • • — ar(i) + K,i + INo „ 
Zr{l) -\ \- Zr{i) e , r e 2./, 

with Xr.i G [— ni,0[rK depending on the matrix B. 
Then by (fTi|) so does the map 

n{a){z)oB 



extend to a meromorphic map on the complex plane: 
z ^ f 'JZ{p>^-^'){z)o B 



ii=0 ji=0 i=l 

with the same pole structure. Note that for large enough jVs, the hyperplanes 
of poles do not contain the origin and that their distance to the origin then 
increases as the jVs further increase. □ 

Step 3: The case of symbols (Ji : ^ ^ + 1)'*' and step 
matrices 

We are therefore left to prove the statement of the theorem for an / x L matrix 
B with real coefficients which fulfills condition (fT^ and symbols <Ji : ^ ^ 
(I^P + 1)"' . As previously observed, such a matrix has rank L. 
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Lemma 5. Under assumption on B = (bu) the matrix B*B is positive 
definite. Note that with the notations of ilS^) . we have ii > I. 



Proof: For fc G IR in the kernel of B, we have J2i=i ^n^i ~ for any 
i = I,-- - ,/, which apphed to i = yields X^z^i ^ii-'C' = 0- since by 

assumption bi^^i = for I < L only the term bjj^L^i remains which shows that 
— 0. Proceeding inductively yields the positivity of B*B. □ 

Proposition 11. Let B := (6ii)i=i,... .7;i=i.... .l be a matrix with property 
The map 

. I L 

{ai,---,ai)^ / i\{y2bu^ird^,---d^L, 

which is holomorphic on the domain D {a = (oi,-- - ,a/) G (C^,Rc(ai) < 
—n,yi € {1, • ■ ■ , /}}, has a meromorphic extension to the complex plane 

. I L 

{ai,--- ,ai)^l T[{y2ba^Lr'd^i---d^L (15) 

Hr^mio-l, • • • , a/) 



E 



nl=i r(-ai/2) ^gj,^ n[=i [(«t(i) H h ar{t) +nSr,i) ■ ■ ■ (a^(i) H h ar{t) + " - Sm^)] 

/or some holomorphic map H-r^m on the domain C^l^l{Y^c{a-J^^l-^ + • • ■ + ar(i)) + 
2mi < —nsr,i}, with t G E/ and m :~ (rrii,--- ,m.j) a multiindex of non 
negative integers. The Sr^i < i 's are positive integers which depend on the per- 
mutation T, on the size L x I and shape (i.e. on the It 's) of the matrix but not 
on the actual coefficients of the matrix. 

The poles of this meromorphic extension lie on a countable set of affine hyper- 
planes a^(i) + • • • + ar{i) S Ar,i + INo with t G E/, « G {1, • • • ,/}, Ai-,i := 
—nsT,i & [— ni,0[rK. 

The proof, which is rather technical and lengthy is postponed to the Ap- 
pendix. It closely follows Speer's proof |Sp| which uses iterated Mellin trans- 
forms and integrations by parts. 

8 Renormalised multiple integrals with constraints 

Let us consider the set 

Ai -.^ {{c7i(E)---®ai)oB, cr, G CS',ad(lR"), BgA1/,l(IR), rkB ^ L, L G IN}, 

where C^radllR") stands for the algebra of classical radial symbols ^ i-^ '''(l^l) 
with r G CS{ IR+), IR) for the set of matrices of size IxL with coefficients 

in H. The map 

Ai X Ai' Ai+i' 
{a o B) X {a' o B') ^ [d o B) • {a o B') := {a ® a') o {B ® B'), 



where © stands for the Whitney sum: 

B®B' := 



B 
B' 
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induces a morphism of filtered algebras on A := ^f^iAi- 
Let us also introduce the set 

Bi := {f:(E^^(D, s.t 3(toi, • • • , m/) e INg, the map 

{zi,---,Zi)^ /(Zi,---,Z/) Y[ rQ(2;r(l) +--- + 2rw)"* I 

reSj \i=l / 

is holomorphic around z ~ 0}, (16) 
then B := U/Li filtered algebra for the ordinary product of functions. 

The following proposition is an easy consequence of Theorem [J] 

Proposition 12. Let TZ : a i—t (j{z) he a holomorphic regularisation procedure 
on (75(11+) which sends a symbol t of order ato TZ{t){z) of non constant affine 
order —qzi + a, for some positive real number q. The map: 

: ^ ^ B 



{doB) ^ {l^ j- 7^ (ct) (z) o B 



is a morphism of algebras. 

Proof: It follows from Theorem [H that li a o B lies in Ai then the map 

— '""^/iR"'^ ^ (^) (— ) ° ^ ^^'^^ ^^'^ factorisation property w.r.to the product 

• : 

$^ [{d oB)m (a' o B')] = $^ (a o B) . $^ (ct' o B') 

then follows by analytic continuation from the corresponding factorisation prop- 
erty on the domain of holomorphicity. □ 

8.1 Renormalisation via generalised evaluators 

With the help of the morphism we now build a character 0^ : A ^ ^ 
which boils down to building renormalised integrals which factorise on disjoint 
sets of constraints. Generalised evaluators (see e.g. |Sp| ) at provide an adequate 
procedure to extract "multiplicative" finite parts at of meromorphic functions 
in a filtered algebra of the type T = U^j^jT/ with: 

Tj := {/:(D'^k^(D, 3 (toi, • • • , m/) e IN^, 

s.t the map (zi, • • • , z/) f{zi,---,zi) ]J ]J(L,f (z^(i), • • • , z.r(/)))™' 

is holomorphic around z = 0} (17) 

where L{, • • • are linear forms Ll (z) = X]j=i '^Ij^ii''' ^ {I7 ' ' ' 7 ^} such that 
the matrix (af^ ) can be embedded in the upper left corner of the matrix [al^^]. 

Example 8.0 = U/g mBi with Bi defined in ^16^) is such a filtered algebra 
with LI{z) — zi + ■ ■ ■ + Zi. 
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Remark 16. Such filtered algebras are stable under holomorphic reparametri- 
sations z i-^ k{z) such that k(0) = and k'(0) 7^ 0, i.e. 

Indeed, the pole part corresponding to a linear form L{zi, - ■ ■ ,zj) = 

Si=i '^i Zi transforms to 

1 1 



ai«(0i) + • • • + ai^izj) ^,(0) [ai (z, + ^zf + oizf)) + • • • + a, (z, + |^z| + o{zf)) 

_ 1 1 

~ k'(0)L(z^.--- .zr) , , K"(0) E.Li(2?+°"W))" 

^ ' 2k'(0) L{zi,--- ,zi) 



K'(0)i(zi,-- - ,z,) \^ 2k'{Q)L{zi,--- ,zi) 
which is a meromorphic map with poles of the same type. 



Definition 5. (see e.g. jSp^ ) A generalised evaluator at on the filtered algebra 
J- = yy^i Ti is a family of maps £ = {£7, / G IN}, £/ : ^/ ^ (D such that 

1. £ is linear, 

2. £ coincides with the evaluation at on analytic functions around 0, 

3. £ is continuous for the uniform convergence of analytic functions, 

4. £ is symmetric in the variables Zi 's, 

5. £ is compatible with the filtration on T , 

6. £ is multiplicative on tensor products: 

£i+r{f®f')=£i{f)£r{f') (18) 

for any / G JF/ depending only on the first I variables Zi, - ■ ■ , z/, /' G Tii 
on the remaining I' variables Z7+1, • • • , z/+7'. 

The map £ on J- defined on Tj by: 
yields a generalized evaluator £^ at on T . 

A holomorphic reparametrization z i— > k(z) such that k(0) = and k'(0) 7^ 
induces another evaluator £'^ defined on Tk by 

£f{f ) := £n.fi o k'^') 

since fk & ^ fi ° G by the above remark. 
In general, f 7^ as the following example shows. 
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Example 9. Note that 

J^i = {/ : (D ^ (C, Elm e INq, s.t z ^ f{z) z™ is holomorphic around 

corresponds to Junctions in one variable meromorphic in a neighborhood of 
with poles at z ^ 0. The evaluator E'^ on T\ applied to f{z) ~ X)i=i ^ + '^i^) 
singles out the finite part f i (/) = fp^^Qf{z) :— limz^o (/(-z) — '^iLi fi^ ■ When 
applied to f o k(z) it picks up extra contributions since 



1 



1 + Eil a] z^ + o{zJ) 



(k'(0))'z» 



for some {a{, - ■ ■ , aj) e (C"' 



(^(z))V («'(0))' 

which in turn implies that £i{f o k) = £i{f) + ^ij'i~7j^yy:- 

A change of variable Tk : {zi, ■ ■ ■ , Zk) Tk{zi, ■ ■ ■ , Zk) with T = {Tk G 
GLfe((D), k E IN} a family of matrices nested in one another i.e. such that the 
matrix Tk can be embedded in the upper left corner of the matrix Tk+i, gives 
rise to another evaluator defined on by 

Remark 17. Clearly, £i {f) £i(fi ° Ti) for any f E T since the finite part 
at z — of a meromorphic function z i— > f{z) around zero is insensitive to a 
linear transformation z t—i- a z with a ^ 0. 

However, in general, £^ ^ £^ as the following example shows. 

Example 10. The evaluator £^ at on B2 applied to the map f : (zi,Z2) i— 
Z1+Z2 



yields: 



ip.,=o (1 + t)) +fp.,^o (1 + g)) _ ^ 



In contrast, the evaluator £'-^ corresponding to maps Tfc(zi, Z2, ■ ■ ■ , z^) = (zi, Z2 — 
Zl, • • • ,Zfc - Zk-i) yields 

£lif) = £Uf ° m)) = ^ ^ = 0. 

Combining the two types of transformations on evaluators, yields a family 
f"^'-^ of evaluators defined on J^k by: 



38 



Remark 18. This raises the question whether such evaluators linearly span all 
evaluators. 



Theorem 5. Let 7?. : cr > (j{z) he a holomorphic regularisation procedure on 
CS{ IR+) which sends a symbol r o/ order a to TZ{t){z) of non constant ajfine 
order ^qzi + a, for some positive real number q and let £ be a generalised 
evaluator at on the algebra B of meromorphic maps then the map cfp^'^ := 



'TLX 



doB ^ £oj- aoB:=Soj- n{a)oB, 

is a character. Whenever a = ai ® ■ ■ ■ ® ai with cr,; of order at with real part 
< —n then E oJ^„i TZ {a) o B coincides with the ordinary integral J j^^l cr o B . 

Proof: The multiplicativity easily follows from combining the multiplicative 
properties of the morphism and the evaluator E. The fact that it coincides 
with the ordinary integral /jj^^t croB when ai has order with real part < —n, 
follows from the fact that the map <i>^ is then holomorphic around combined 
with the fact that evaluators at Zg on holomorphic functions around a point Zq 
indeed boil down to evaluating the function at the point Zq. □ 



8.2 Renormalisation via Birkhoff factorisation 

We now give an alternative renormalisation procedure for multiple integrals of 
symbols with linear constraints in the case of equal symbols ai = a with a some 
fixed classical radial symbol. The only freedom left is the choice of the ma- 
trix B corresponding to the linear constraints. Following Connes and Kreimer 
[CM] , we carry out this renormalisation via a Birkhoff factorisation on a Hopf 
algebra (here a Hopf algebra of matrices plays the role of their Hopf algebra of 
Feynman diagrams) with the help of a morphism on this algebra with values in 
meromorphic maps. 

We first introduce a Hopf algebra of matrices. LetTi^ := {B G A^/.l(]R), rki? = 
L, / G INf} then Ti. = IJ^g ^T-Ll \s filtered by the rank of the matrix; if B has 
rank L and B' has rank L' then B (B B' has rank L + L' . 

Writing a matrix B ~ {ba)i=i.... j;i=i,--- ,l in terms of its column vectors B ~ 
[Ci,--- ,Cl], where C/ = {bii)i=i^... we can equip H with the following co- 
product which boils down to a deconcatenation coproduct on column vectors: 

A-.n n(g>n (20) 

{h,-,lp}C{l,-.L} 

where we have set L = p+q so that {1, • • • , is the disjoint union of {Zi, • • • , Ip} 
and {Ip+i, ■ ■ ■ , Ip+q}- 

Proposition 13. (7i, ©, A) is a graded cocommutative Hopf algebra. 
Proof: We use Swecdler's notations and write in a compact form 

AS = ^B(i)(8)S(2). 

(B) 
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• The coproduct A is compatible with the filtration since it sends TYl to 

• The product given by the Whitney sum © is not commutative since one 
does not expecto B (B B' io coincide with B' ® B for any two matrices B 
and B'. 

• The product is clearly associative {B © B') @ B" = B ® {B' © B") for any 
three matrices B,B', B" . 

• The coproduct A is clearly cocommutative since T12 o A(_B) ~ A(_B). 

• The coproduct A is coassociative since 

(A®l)oA(B) = ^(B(l:l)®B(i^2))«)B(2) 

= (l®A)oA(B). 

• The coproduct A is compatible with the Whitney sum. 

Aom{B (g) B') = A{B®B') 

= Yl (i?®B')(i)®(5©5')(2) 

{B(BB') 

= {m®m)oT2z (5(1) «) 5(2)) (g) (g) B(2 
= (to® to) o r23 o (A g) A) (B g) B') . 



□ 

With the help of meromorphic extensions of integrals of holomorphic radial 
symbols with linear constraints built in the previous section, we build a mor- 
phism from Ti into the algebra of meromorphic functions. The following lemma 
follows from Corollary El 



Lemma 6. Let TZ : a i—t <j{z) he a holomorphic regularisation procedure on 
CS'(IR+) and let a he a radial classical symbol of order a which is sent via TZ 
to a{z) of non constant affine order a{z). The map 

-ff'^-.B^f r\aiz)oB{^,,--- ,^L)di^---d^L 
J IR'- t\ 

yields a morphism of algehras 

: Hl Mer((C) 

B ^ ^f^{B) 

i.e. 

$^''"(5 © B') = $^''"(5) $^^'"(B') V(B, B') e n\ 
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The following theorem then follows from Birkhoff factorisation combined 
with a minimal substraction scheme along the lines of a general procedure de- 
scribed in [M] (Theorem II. 5.1). 

Theorem 6. Let TZ be a continuous holomorphic regularisation on CS{ IR") 
which sends a symbol of order a to a symbol of order a{z) = —qz + a for some 
q> and let a G CS'(]R") be a radial symbol. The map 0^-'^ <I>^''^(0) is a 
character 

/■TJ.Birk 
a'^' o B 

where ^^-'^ = ( ^^'^ ) * is the unique Birkhoff decomposition of ^^''^ , 

-k being the convolution product on the Hopf algebra. 

When a has order with real part < —n, the renormalised integral J^^l'^^ a'^^ o B 
coincides with the ordinary integral /mnt cr®^ o B. 



Proof: By the very construction of the birkhoff factorised morphism, the 
multiplicativity of (^^^'^"'^ follows from the multiplicative property of the mor- 
phism The fact that the resulting renormalised integral coincides with 
the ordinary integral J^nL <7 o B when a has order a with real part < —n fol- 
lows from the fact that the map ^^-"^ is then holomorphic around so that 

8.3 Properties of renormalised multiple integrals with con- 
straints 

By construction, both renormalised multiple integrals of symbols with con- 
straints given by some matrix B G namely J^;fi (cti (g) • • • (g) aj) o B 

obtained using evaluators, resp. J^!i^"^ cr®^ o B obtained using Birkhoff factori- 
sation 



• factorise over disjoint sets of constraints: 

IR" 



{a (g) a') o {B Q B') 

IR"(i + I.') 

{a'^' ®{a'f'')o{B(BB') 

J IR"(-L + i') 



resp 




Here, B e 7W/,l(IR) and B' e Mi',l'{TR)- 

• coincide with the corresponding ordinary integrals with constraints when 
the integrands lie in i^: 

a,eL^{JRn) Vie{l, •••,/} => j- {ai ® ■ ■ ■ ® ai) o B = I {ai® ■ ■ ■ ® ai) o B 

/.TJ.Birk p 
a®^oB= a®' oB (22) 
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The following theorem shows that they moreover fulfill a covariance property 
and hence obey a Fubini property. 

Theorem 7. Let TZ : a ^ '^(z) be a holomorphic regularisation procedure on 
CS'(]R+) which sends a symbol r 0/ order a to TZ{t){z) of non constant affine 
order —qzi + a, for some positive real number q and let £ be a generalised 
evaluator at on the algebra B of meromorphic maps. 

For any B G Aijxi IR) of rank L, for any matrix C G GLl{ TR) and any radial 
classical symbols cti, • • • ,ai,a on IR" we have 

TLX rTl-S 



(tTl «) • • • «) cr/) o B 

/•K.Birk (.K.Birk 
{cr®^oB)oC = I deter 1 f (T^^oB. (23) 



resp 

As a result, they obey a Fubini type property: 

(ai® •••®CT7)oB(^^(i),... ,^p(i)) = I ((Ti® •••®(7/)oB(a,--- ,a) (24) 

/•TJ.Birk (.TJ.Birk 
(cTi (g)--- (8)0-7) oB(^p(i),- •• ,^p(^)) = /- (cTi (8) ••• «i CT/) oB(^i,-- • ,^i) VpeSL- 

Proof: The Fubini property follows from the covariance property choosing 
C to be a permutation matrix. 

Covariance follows by analytic continuation from the usual covariance property 
of the ordinary integral; indeed this leads to the following equalities of mero- 
morphic maps 

|detC| / ((7^(c^l)(zl)(g)•••®7^(a/)(z7)oB))oC = / {n{(Ti){zi) ® ■ ■ ■ ®n{ai){zi)) o B 
resp. |detC| / {{'R{a){z))®' o b) o C ^ f {n{a){z)f'oB. 



Applying a generalised evaluator S to either side of the first equality or imple- 
menting Birkhoff factorisation to the morphisms arising on cither side of the 
second equality leads to the two identities of ([23]). □ 
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Appendix : Proof of Proposition [TT] 



To simplify notations, we set qi{£,) := J2f=i^iiii where ^ := (^i,-- - ,£,l) and 
hi ~ —ai. For Re(6i) chosen sufficiently large, we write 

and 

/ LI I L I 

2—1 l,7n—l i—1 i—1 l,m—l i—1 

where S,i ■ stands for the inner product in H" and where we have set 

/ 

1=1 

Since the are positive 9{e) is a non negative matrix, i.e. 0(e) (^) • C ^ 0- It is 
actually positive definite since 



/,m — 1 
/ 



using the fact that B*B is positive definite. The map ^ i-^ ^j^^-^ 0{e)hn £,i ■ Cm 
therefore defines a positive definite quadratic form of rank L. 
A Gaussian integration yields e~ ^-=1 "^-l?'®!" • • • d^^, = (det(6i(e)))~"/^ . 

We want to perform the integration over e: 



/ dei---/ de/Ei^ •••£/ (det(6'(e)))-- e-^-i-^^ 
JO Jo 



r{h/2)---T{bi/2) Jo 

Let us decompose the space IR?^ of parameters (ci, • ■ • ,e/) in regions Dr de- 
fined by eT(i) ^ ■ ■ ■ ^ ^t(/) for permutations t e S/. This splits the integral 

dei - ■ ■ (ie/e^^ ' ' ' (det(0(e)))^'^ ^?=i into a sum of integrals 

/^^ dei • • • deje^-' ■ ■ ■ ef"' (det(0(e)))-* e" 5:r=i e.. 

Let us focus on the integral over the domain D given by ei < • • • < e^; the 
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results can then be transposed to other domains applying a pcrmutation^^l 
bi — > aT-(i) on the fe^'s. We write the domain of integration as a miion of cones 
< < • • • < . For simplicity, we consider the region < ei < ■ ■ ■ < ei 
on which we introduce new variables ti, ■ ■ ■ ,ti setting Ci = tjtj^i ■ ■ - ti. These 
new variables vary in the domain A := ni=i I^i 1] ^ Pi oo). Let us assume that 
bii = for i > ii, then the Z-th line of 9 reads 

/ il I H-l 

0{£}lm = ^ tj ■ ■ - ti bilbim — ■ ■ ■ bilbim =tl---tii I bi^lbi^m + ^ ^ij-l ' ' ' ^zZ^im 

i=l i=l \ i=l 

or equivalently the m-the column of 9 reads 

S{£)lm, = ^ tl ■ ■ - ti bilbim — ^ tj ■ ■ - ti bilbim = tj ■ ■ ■ ti^ I bi^lbi^m + ^ 



Factorising out • • • t;, from the Z-th row and • • • ti^ from the m-th col- 
umn for every l,m Cz [[1, ^]] produces a symmetric matrix 9(t). 
Following |Sp| we show that its determinant does not vanish on the domain 
of integration; if it did vanish at some point r, 9{t) would define a non injcc- 

tivc map 9{t) : (xi, ■ ■ ■ , xl) ^ {j2f=i(^iz)iixi, ■ ■ ■ iYA=i(^ix)Lixi^ , i-c there 
would be some non zero L-tuplc w_ := (xi, • • • , x^) G IR^ such that 9{t){x) ~ 
which would in turn imply that Sm=i i^il.)) ~ x ■ 9{t){x) = 0. 

V / Im 

From there we would infer that 

L M I ^ ( ^ \^ 

^ ^ ^ T/ • • • biibimXlXm = X] X! V"^/ ' ' ' bil^l = 
1=1 m=l i=l i=l \l=l ) 

L 

=^ 5] • ■ • ^» baxi - (25) 
(=1 

L 

=^ {b,,ixi + ^T,,_,---nbaXi) =0 V^ e [[1, /]], (26) 
1=1 

where we have factorised out r/ • • • in the last expression. Let us as in |Sp| 
choose M = max{Z,.T; ^ 0}; in particular I > M ^ xi = 0. On the other hand, 
since I < M =^ ii < im have I < M ^ bi^^i = 0. Choosing i = in (dH) 
reduces the sum to one term bi^jMXM which would therefore vanish, leading to 
a contradiction since neither bi^jM nor xm vanish by assumption. 



Note that a permutation t S S/ on the Oi's (and hence the bi's) boils down to a 
permutation on the lines of the matrix (an). Indeed, for any t S S/ 

r(fei 

-'{bi)---r{bi) Jo Jo J(iR")i~ 

so that the qi's which determine the lines of the matrix are permuted. 



"^(1) 


-1 


-L 




oo 

1 


e 2 

T 


-1 
1(1) ■ 


I-/ 

■•^-( 


oo 

dej 




-1 
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We thereby conclude that det6'(t) does not vanish on the domain of integration. 
Performing the change of variable (ei, - • • ,e/) t-^ (ti, ■ ■ ■ ,ti) in the integral, 
which introduces a jacobian determinant Y[i=i '^'■^ write the integral: 



1 



OO pi pi 

dtj / dti • • ■ / dtj-i 



r(6i/2)-..r(6,/2) 

n tr^~\ti ■ . . . . j-"^ • • • iu, ■ ■■u.r'i hit) 



r(6i/2)-..r(&,/2) 



/ dti---dh Y[t^ = (27) 



where the s^s are positive integers depending on the size and shape of the matrix 
B (via the i;'s) O and where we have set 

■t-^r / ~ \ —nil / ~ \ — n/2 J 

hit) -.^ e-^^=^'' -'' {dcteit)j = (det0(t)j J]e-*^ -*'. 

4=1 

Since det0(t) is polynomial in the i^'s, the convergence of the integral in tj at 
infinity is taken care of by the function e~*'"'*^ arising in h. On the other hand, 
h is smooth on the domain of integration since it is clearly smooth outside the 
set of points for which detOit) vanishes, which we saw is a void set. Thus, the 
various integrals converge at ti = for Re(6j;) sufficiently large. 

Integrating by parts with respect to each ti , • • • , t/ introduces factors [.b.-ns +2m- ' ™* ^ 



bl + --+i>i 
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INq when taking primitives of ^ and differentiating hit). 

We thereby build a meromorphic extension/jj^„£, HiLi bu^i)"'' to the whole 

complex plane as a sum over permutations r G E/ of expressions: 



ULl'^i^t) VnLl ((^r(l) H ^ &T(i) - • • • (6^(1) H \-br[r) ~ U Sr.t + 2mi)) 

where the boundary terms on the domain A are produced by the iterated rrii 
integrations by parts in each variable ti. Here Sr^i < i is a positive integer 
depending on r and the shape of the matrix and we have chosen the m^'s suffi- 

^7-(l)^ ^^x(i)~"^T,i 

ciently large for the term Y[i=i ^ /ir™^^ ^"^'(t) to con- 

verge. The boundary terms arc of the same type, namely they are proportional 
to 

/A^nli^. ^ (t) 

((^r(l) ^ h hr[t) - n Sr,i) ■ ■ ■ (6r(l) H K &r(4) - 'T- Sr,i + 2m-)) 



boundary terms 



^*The integers SiS do not depend on the explicit coefficients of the matrix. We have ii >l 
so that Si < i\ in particular, Re(ai) < — n => Re(fei) + ■ ■ ■ + Re(fei) — nsi > Re(6i) + ■ ■ ■ + 
Re(f)i) — n j > so that as expected, the above integral converges. 
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for some domain A' = Ill^i^lO) 1] ^ [0, oo[ for some /' < / or A' = Hi^i^lOj 1] 
for some I' < I and some non negative integers m'^ < m.i with at least one 
< mi„. 

This produces a meromorphic map which on the domain nf^]^{Re(&T(i) + • • • + 
&T(i)) + > ns-r^i} reads 

1 Hr^mipi, ■ ■ ■ ,bi) 

nLi ^es^ nLi ((^r(i) + • • • + K^,) - n s^,,) ■ ■ ■ (^^(i) + • • • + - n Sr,, + 2mi)) 

with Hr^m holomorphic on that domain. It therefore extends to a meromorphic 
map on the whole complex space with simple simple poles on a countable set of 
affine hyperplanes {aT{i) + ■ ■ ■ + ar[i) + nsr.i G 2INo}, where as beofre, the Sr/s 
are integers which depend on the permutation t and on the size L x I shape 
(i.e. on the k's) but not on the actual coefhcients of the matrix. 
Let us further observe that since Sr^i < i, if Re(ai) < — n => Re(5i) > n for any 
i G {1, ■ • • , /}, then for any r G S/ we have Rc(6^(i-) + • • • + &r(i)) ^ ^ -^tA > so 
that we recover the fact that the map (ai, • • • , a/) '-^J-j^ni Y[i=i{^i'=i buS.i)"'' is 
holomorphic on the domain D := {a = (ai, • • • ,a/) G (C^,Re(a.i) < — n, Vi G 
{1, •••,/}}. □ 
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